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The Green functions are formulated for boundary-value problems associated with the 
phenomenological parabolic transport equation with time-dependent coefficients. 

We have previously [i] formulated the Green function for the mixed Dirichlet--Cauchy 
transport boundary-value problem described by a certain one-dimensional unsteady-state para- 
bolic equation with e~efficients in the form of arbitrary time functions. The formulation 
was based on the simultaneous application of Chandrasekhar's method [2] to find the funda- 
mental solution of the given equation, along with the method of superposition of sources and 
sinks [3, 4]. 

Below, we formulate the Green functions of one-dimensional transport problems for an 
equation representing a generalization of the equation ixt [i] and having the form 

8T = ~z(t) OZT OT 
O--t Ox ---~ + 2[(0 ~ x  ~- F (t) T. (1)  

We formulate the fundamental solution of Eq. (i), which has a single source at x = Xo for t = 
to. Following Chandrasekhar [2], we seek this solution in the form 

F(x ,  [ ; x o ,  to) - I [ a~(X--Xo)Z+2ht(x--Xo) ] l exp , (2) 

2zvv- T- 2v 

where the functions ~ = ~(t), a~ = at(t), hl = h:(t) are to be determined. We denote al/~ = 
a, h:/~ = h and substitute expression (2) into (1). Equating the coefficients of like powers 
of x -- Xo in the resulting expression, we obtain the system of equations 

] da  l dh  1 1 dv = q~2a2, .~- ~ 2 a h -  af, 
2 dt 2 dt 2 v d! 

-- - -  2fh - -  a~ z -- r -k F. (3)  

It follows from (3) that 

t h (0 ---- 2 f fdt B 
2 J" ~-dt + C ' 2 f @dt + C + ~ @ d t  -r- C) (4) 

v (l) = D exp I2 f (21h -6 a@ - -  n)2hZ - -  F) dt I. (5)  

We substitute these functions into (2) and determine the constants of integration A, B, C, 
and D from the condition that for t + to and x -~ xo expressio~t (2) has the properties of a 
delta function. Inasmuch as the function P must go over to a delta function and tend to in- 
finity as t -~ to and x -~ Xo, we infer that C = 0, B/A = 0, and D = i/2~ if the medium is as- 
sumed to move initially with a velocity 2f(t) at the time t = to. In this case the integrals 
are evaluated between the limits to and t, so that 

r ( x ,  t; x o, to)--- qD(t, to) [ _ ( x ~ - - . V o  ,-' o ( t  , to))z ] F -  exp 
2 x [ 2 D T ( t ,  to)l --Y- [ 4 ~ ( t ,  to) J 

t ! 

cD (t, to) = exp @ (t) j" ,pz (t) at ~ , z  (t) dt at -4- (6) 
to t o 
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o~ (t, to) t ] t t 
-- 4xF(t, to) ~- ~ F(t) d t j  , o)(t, to)---2 [ f( t )  ctt, ~I r(l, to)= S c~2(t) dt" 

to to" to 

If we set f(t) = 0, F(t) = 0,~ 2(t) = const, expression (6) goes over to the fundamental sol- 
ution of the heat-conduction equation. 

To find the Green functions for specific boundary-value problems, we use the method of 
superposition of sources and sinks [3, 4], the basic idea of which is to arrange f-function 
heat (mass) sources and sinks of unit strength outside the limits of the investigated one- 
dimensional region in accordance with the type of boundary-value problem in such a way as to 
ensure fulfillment of the given boundary conditions. The essential details of the method are 

.described in [3, 4], so that in the ensuing discussion we omit the intermediate calculations 
and arguments and give only the final results. In the interval (0, R) the Green functions 
for the Dirichlet, Neumann, and all mixed (with inclusion of the Cauchy) boundary-value prob- 
lems for Eq. (i) have the form 

eo 

4~F (t, to) + 

2 [n~(t, to)] --~ I ~  = o 
r + l  

(x - -  Xo + o~ (l, to) - -  2n/? + ~ n3 2 

�9 . . .  e x p ( - - a ~ ) ,  exp - - a ~ r + l  4 ~ ( t ,  to) 
0 0 

+ (-- 1) ~+r§ (fn + pl--r)  S exp(--~q0 .... j: exp(-- ml~) • 
O 0 

r + l  

(x + X o -  o (t, to) - - 2 . / ?  + ~ ~i) 2 

•  exp[ - a q r §  4~(t, to) i=l ] dlh . .. dllr+z] (7) 

Here ~ -= ~(t) is an arbitrary time function; k = 0, ~ = i, a = 0 for the Dirichlet problem 

(G[x= o = 0); k = 0, ~ = O, a = 0 for the Neumann problem i-~x ]x=0.R'0G =0); k=n, l-----n+ I, ~----0 

f~ the mixed Dirichlet--Neumann pr~ (G[x=~ O~xl O) = ; k=n, l==n, ==0 for the mixed 
x=R 

Neumann--Dirichlet problem -~ ~ (0@. x=o=O[a:=R_--.O] ; k==n--l, l--_tz+l ' p----0 for the mixed Dirich-- 

let--Cauchy problem (Olx=0 =(d~ +=G~ =0)" k----n, l=n, p------I for the mixed Cauchy-Dirich- ox ] ' ((oo o) ) let problem O~x + a = ~x~-R = 0 ; k= 0, l= 0, p =0 for the mixed Neumann--Cauchy problem 

(0G{= --(0G § -~x x o \Ox ~a'=R=0) ; k-----0, l----0, p------I for the mixed Cauchy--Neumann problem 

=0: L o) 
For sma l l  v a l u e s  o f  ~ ( t )  e x p r e s s i o n  (7) i s  r e w r i t t e n  in  the  form 

2_ ,~ -- - 4~(t, to) + 
2 [ ~  (t, to)] 2 . . . .  
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+ (_ ,), [_ .,-o,,., (.,. to)t~ 1 + 

i [" o~,]-- (x--xo+~ to)--2nR+'])z Jdq. , 
+ (-- 1) ~+l 2o~ ltz! , exp 4 ~  ( t .  to) 

a 

�9 4~F ( t ,  t o )  
o 

If we confine the discussion to terms containing ~j(t) in the first power, the Green 

function for the Cauchy problem +~x G = n t- e,G = 0 has the form 
x=O / x = R  

(8) 

, eXp -- 

2 [ a ~ ( t ,  to)} T 4,F(t ,  to) -v- 

-- 4~F( t , t~)  " , • 

~ =  . / ~ 1  0 

0 

c~ 

+ 2 ~ exp 

n = O  0 

+ cz~ S 
0 

-"6-- 
2 [ n ~ ( t ,  to)l - 

exp - - ~ P l -  . 41F(t, ' to) j d~l + (9 )  

m j~] - -  

(x + x o - -  co (t, to) - -  2 n R  + *l) ~ 
4~(t, to) ] dTI} + 

exp [ - - a . n ] - - _  (x+x~176176 to) 

The terms containing ~j (t) in higher than the first power are extremely cumbersome. 
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